Abstract. An approximate analytical solution of Richards' equation was derived by the differential transform method (DTM) in this paper. The basic idea is that the Richards' equation can be converted to an ordinary differential equation (ODE) by introducing the Boltzmann variable. Then DTM was applied to solve the resulting ODE. In the calculations, an intermediate variable was introduced in DTM for accelerating the convergence rate. In the end, an example was presented to demonstrate the accuracy of the present solution.
Introduction
The Richards' equation can be described as a sort of unsaturated single phase fluid flow in porous medium [1] [2] [3] (soil, concrete, etc). In most cases, Richards' equation is a nonlinear partial differential equation (PDE) about saturation of unsaturated porous media and can be written as [2] ( )
where S is the saturation of unsaturated porous media, x and t are the space and time coordinates, D(S) is the hydraulic diffusivity function of the porous media. Because the characteristics of materials and scope of application are different, several models such as Fredlund model [4] , Brooks-Corey model [5] , van Genuchten model [6] , etc, have been suggested for determining the basic parameter D(S). Among them, the Brooks-Corey model is widely adopted for its simply description [7] . The basic functional relationship between D(S) and S in Brooks-Corey model is commonly approximated by the power-law [5] 
where D0 and n are the empirically-fitted constants [2] .
In the recent research, many approaches were adopted to solve the analytical solution of Richards' equation, for instance, the double integral technique [8] , traveling wave method (TWM) [9] , DTM and homotopy perturbation method (HPM) [7] . In these approaches, double integral technique need a given wetting front as basic solution to search the approximate solution. TWM, which based on wetting front propagation, obtains the traveling wave approximate solution. DTM and HPM are based on polynomial expansion and they can get the series solution of Brooks-Corey model with power-law.
In this work, DTM is adopted to find an approximate analytical solution of the Richards' equation with D(S) represented by the power-law and exponential-law, respectively.
Initial and boundary conditions
We consider the problem of the infiltration of water into a semi-finite layer of porous medium. According to Parlange's and Witelskis's work [1] [2] [3] , the initial condition can be described as a constant moisture concentration. and the boundary conditions are given as
As the boundary conditions describing, the water is saturated at the initial point where x=0 and it gradually infiltrates to the distal end (S=0).
DTM in Richards' equation
The DTM was initially presented by Zhou [10] in 1986, which uses Taylor series for the solution of linear or nonlinear differential equations in the form of polynomial. From the pioneer research on the DTM [11] , the basic conception of DTM is that each function S(x) can be expressed as
where k is the derivation order and Y(k) is the differential transformation of S(x). The conversion relation between Y(k) and S(x) can be represented as
Most of time, the convergence rate of ordinary DTM is very slow while calculating the nonlinear differential equation [7] .To accelerating the convergence rate of the polynomial, we construct an intermediate variable ξ=ξ (x, t) , and let ( , ) ( )
For Eq. 1, we introduce the Boltzmann variable (ϕ =xt -1/2 ) [1] , then, Eq. 1 can be transformed into
The integration of Eq. 8
Substituting the Boltzmann variable ϕ into initial condition Eq. 3 and boundary conditions Eq. 4 , new boundary conditions can be rewritten as
In this case, Eq. 1 with initial condition Eq. 3 and boundary conditions Eq. 4 are transformed into ordinary differential Eq. 8 with boundary conditions Eq. 9.
Then, we introduce an intermediate variable into DTM as follow
which is the TWM special solution of Eq. 1. The Boltzmann variable ϕ [12] can be expressed as
where  
is the convergence center, and U(k) is the differential transformation of ϕ (ξ)
Introducing the intermediate variable ξ into Eq. 8, we have
According to theorems deduced from Eq. 5 and Eq. 6 [11] , we obtain the transformed version of Eq. 13
where 
in which Y1(0) and Y2(0) are initial terms of Y1(i), Y2(k-1-i) and can be shown as
Considering the boundary condition Eq. 9 when S=0, we find that the case ϕ →+∞ is satisfied naturally from Eq. 9. Substituted Eq. 10 and Eq. 11 into Eq. 9, we obtain (0) 0 U  .
(20) Based on Eq. 14, and Eq. 18 to 20, we can obtain the analytical solution of Eq. 14 by calculating the parameters W(k-1), Y1(i) and Y2(k-1-i) in Eq. 15-Eq. 17 term by term.
Numerical examples
Example [3] : D(S)=0.784287S 6 . According to Eq. 10, we obtain 6 0.7842
and the Boltzmann variable ϕ could be expressed as
By choosing k=1, 2, 3, 4 in Eq. 22, we can obtain U(k) with each k, respectively. Substituting U(k) into Eq. 22 and the 1-4 order approximation solutions are as follow 1 order approximation solution: Fig. 1 . The results of saturation S obtained from 4 order approximations Eq. 26 are compared with that from FEM in Table 1 . Meanwhile, adopting DTM without intermediate variable ξ , we obtain the 1-4 order approximate solutions of this example , which are compared with FEM in Fig. 2 .
Compared with Fig. 1 , the convergent speed of DTM without intermediate variable is so slow that makes it more difficult to converge to the FEM result.
Conclusions
In this paper, the DTM was adopted to solve the Richards' equation with Brooks-Corey model. Then an intermediate variable ξ was introduced into DTM for the convergence acceleration. At last, an example was presented to demonstrate the accuracy of the presented approximate analytical solutions and the results were compared with that solved by FEM and DTM without intermediate variable. It is shown that the proposed method is robust and accurate.
